Smﬂxse, f fa&ls 4o be anala'(ﬂc at a'ro\wbzo ,

“then we canncst aI:Fl\J 'Taltaor"s theorem at Hrat Fo'wt.
Q: Can we have similar vesubt ?
A : | awent sevies .

’R@M"& :
® If f is am(\a-(:ic in_+the open andus  {R.<lz-2:l<R.} , then :f\zh :Zj\_wc.,.(z-z.)“ wheve

c,ﬁﬁ_f —’fﬂw . nezZ

-z
avd C [Ies wn the QV\Y\V\‘U\S.

(g_wc“(z-z.)m is Cmr\vevae.w& & Both z; C.\(z-z.)n and vg‘_ow(z-ze)“ ovre cmve\ﬁevvh. )

® Ij)e beth :2; Calz-2)  and v\%ﬂc..(z-z.)" ave covwevjevrh ,
et fcz) = :Z; Calz-20) + vg’._ﬂc,.(z-z.{ ,
then f(z) is ano.lgt\c. W an open annulus .

|c|eacf®

Suﬂ:ase Z.=0,

l—f PaY 'ann Converges
f,,(z) is ana.lué(:ic in flzl<R}

L.EE W= Lz
Fi=)

lf Z C.Z" convevges ,

h--oo

i C. \'J =3 f.(b\» is anala'(:ic wn {|N|<T]

n=1 @
T!J<r & (&> TR

" f(z)=j".(z) +£(z) is a.na.'gl:ic in {'R.<lzl<-R=.}



We can view the facl-. n_the jzollowlns way

2:=00, W=0

f. s analytic

6‘7' 12(=R,
S lurti
1 —

N

Z2=0, W=

leleaof'Proofofl=

N n ot n
Estimate |f(z) - v& Calz=20) - v\?lln Coaz-2o) |

'f(z)s ——f§—ds
(j'c fo ds+j' —ﬁ—ds)

N " N n n
SR S . IR g A IR

V\IO 2'“1- J) SWH

neo 21 ¢ ¢ n=
= noS " ) & 2 s S)
> E_NCV.(Z-Z.) = i‘-N >nt st(vsvds = _Nﬁf j%els _r ds

$o- & e - B cuen|
(jc ds+jids)_§ﬁfclmds _(' _’”j'is_)ds|

Nn=0 St ns=t 21\'

| C_ﬁ_ds_ Fo _"'&dsl _ﬁs_ds_

£ Bl

(Similar to the P\'ocf n _ralaor Series )




e.a. Jew=?rbl(_z-_:) is amla-l:ic e.ve\nawl'\ere e><ceF(-. L.

Z2-1 22
Recall : — (424 2D :'for' lzl<l .
Nn=0
D( = {‘[2|<(}
- | -t |
f(Z) B = R S )
- n = .Z_
52+ 25 (%
Syt n
'“.=2°():\+| ()Z-
Dy = fi<lzl<2}
S L1 :
fa Dt E T Note |<(;|<1
|-£l<t and |Z[<1
zEF 3 n @)
Dy = {lzl>21
e ( .
f(z) z(l--é-).‘. z(1-2) Note (Z{EI
< and [2]<1
ESNCORE S
=L J_')-“
Z n=o Z“

Dy



Resutts i L aurenrt  sevies -

2“ Cnlz-2o)" COV\VerSa +o an ama.la-b‘-c_ j%mction

Ne-

n_ an O‘Pﬂ.h annulus .

Resutts jeollows fmw\ Talaor series .

Mochfica:ﬁon

~~> Theovem :
lf S = :2:% Cnz-z" , S =“-2_'1_“Cn(z 23 are both cowerjewﬁ. n the open annulus
{"R.< ([z-zol< RS, let Se . S+ S.@ .

Let C be a contour laiuﬁ In the anmulus  and 302) s a ion  cortbinuous
on C . Then

S‘c 3(:)Scz)dz = E{o‘cn fc 3cz>(z-z°)“dz
= Psmlxa-hc!‘lua and W\ic(uev\e.ss cf Lawcent  Sevies

Tevrmwise chfevm‘:iatlon.

e.g. Find the Lawent sevies cf !

@-0
Let j?cz)= =
_ |
2(1-3)
= %:2:’,0 (Jz—)" 'for 2zl > 1
=3 (™

‘ _ o "
Fer- s = 2, (ne)

. | .5 1 \n
S (Z_-I)E -Eo (V\+l)(z)



85 TResidues and Poles
1) Residue Theorem

S\»«ju\lar 'Foivd: : jz j?ai(s +o be av\ala-(ﬂc at -that «Fo‘\we.
[solated sivsu\a.r- -Foiw&. 2. : There exists €>0 such that j? is avn(ta:(ﬂg n {o<lz-zdl< e}

e.ﬁ. #ﬂ) 'r\as +hree isolated s‘ij \e Fo‘-ﬁk Z2=0 ,2z2=%1 .

6.3. L03'z fai(s +o Be. amlg(:ic on {z:'Rezso o.vu| lmz-o}
but © 1s NOT an isolabed Simjv\lar Fo’m‘t.

.9 #@__) ja'l\s 4o be analta-(:ic. at o,x1 .+l 2L ..

but ©0 i1s NoT an isolated Sivju.lar 'Foivft.

SchFose 2. 18 an isolabed Slhju\lar -|>o'm+. of -f

'd -7 7S AN

/ - - -

,I )’\I‘ -f is amha‘(:lc inside exceFt Zo

\

' //' = f has Laurert series \r‘eFresewEu:l:(ev\
N

Let f(z) - h%c.,cz-z,)“

. Scfmdz = coeff of L.

c., =

C., is called the yesidue of f at z, and tt s densted ba Bgei -‘f(z).
~ H 'Fvwldes a ‘Fowerful method o evalubte <Some cortour Mbajm‘s.

Recall -

’} is analg(:‘:c_ inside.

j‘cfwdz & [ o



Furthermore.,

f s anqlghc. nside exceFt A N

That means -

|fne kvow the laurent series of f at 2,,-2n, then we know chf(z)dz.

e.j. sfcz_&‘ﬁdz where. C = fiz1=21  and 'Fosrbvela_ ovientbed .

c
o -z

4=t
2 (-2
o0

- sz‘" for o<lzl«!

W

* Reg Jor o
o

_ { o
(- z-l

=2 D@ o<lz-(l<|

. E?f&): (

fczﬁ-‘)dz=mi(’5§f®+gf‘sf®) =0




f has an isolated S'Wjular 'Foiv\'t Zo.

4 f has a Lawevd: Sevies exPansiov\ i C..(z-zo)“
N==-00

3 cnz-z = :%: Cn(z-2a) + ni Cn(2-243"

n=-oo oo
called -Fvinci];a( ‘Far(: cf f at z.

n_ a deleted V\QB»\LOY"\OOA cf 2o .

CoSe [
If Cn=0 fo\«- N=-1,=2, .- , than 2. 18 called a vemovable Sivﬁmlar -Fomh.

3.3, f(z) = &iz;— for lzl>o

Sinz If 2%#0

[ ‘nf 2-0

Then 3 s ay\alg(ﬂc (vemove -+the Sivﬁular -Fo‘m-(:)

et 6(z>=

CQSQ 2
lj? Cn=0 j‘fw N=-m+1), -+, - , and C#0,

t\ CQQST of (z-(z.)"‘

then 2z, 18 called a —Fole cf order m.
[ 'Par(:ico\lav s lf m=1, T 18 called a sim'Ple. 'Fole.

ldea :

SuFFose 2. 18 @ 'Fole. cj? ovder m,
f(z)= Com +%Z‘¢.)%" * .

z-z™

2

- |
- iy [Cam+ Crpaz ]

C.onverjes ‘o a functiov\ 3&)

—n'\GOYEW\:
2o is_an solated SiVjULlar 'Poin-(-_ af -f ad * 18 a Pole. oj order m

P f&)=% wheve 3(2) s analaﬁc at z, and 3(2& 0.




Zevos and Poles cf ovder m :

If s analgﬁc at z, and :f(zo=f('z.o=-.-=j?w'()za=o ard fw(z.)aeo.

then 2z, 18 called a zero :f order m.

ldea :
Suﬂ;ose. 2. 1s @ zevo cf order m,

f(z)- 5‘2"’(2 2o) +ﬂ%}—(z-z$“+'+---
= (z-z" [5‘2") + S (Z-zo) 4+ ]
L )

Ccmvevrses ‘o a j—’wsctzom 3&)
_n‘\emfew\ :

Zo 1s on solated SleuJar 'Po«v\-(-_ cf -f ard £ s a zevo f order m
PN j?(z) (zzoac—a where 9@ s ana.lgtlc. at z. and gz = TS 5%’ I 4o,

_n\'mk :

Suﬂ»se Z. IS @ zZevo or ‘Fole cf f ,
then f(z):(z—z.)m?(z) where ;f-(z) s anal«a-l-::c at z..
(l-f 2o 18 a zero ,then wm>o . l-f 2z I8 a Fole,-(:lr\e.n m<o .)

Similarlé, Suppese. g cz-z,>F§(z> where G s analgtic at z..
[dea - %=(Z-Z°)M-P(§%-) where % s amlatic at 2z, and %=% #0

2. IS a zevo or ‘Fole of -%— af order m=p.

eq Su'ﬂ;ose. jz and j are a.m|5(:‘uc at z. and j?(z.);eo (m=0) ; ﬂ(zo)=o,3'<za¢o (p=
then % has a SiwcFle Pole. at zo (m-p=-1).

~

.'.Sﬁé))_ - %&Eﬂ)— _2° [-giég 222+ N @22 4]

Taluor sevies at
4 oFf §at =
Res I _Fez

2z B =3‘(z.) .



ej Find S (232"'1 dz , whee C={lz2]=21 and t* s 'Fos‘r(:ivela oviertted .

NDE+D
Nﬁ'l'E.= o[es 321;1 are z=1 and +3i
F E-DE+D ’
bt orxla_ [ lies wside the witevior of C.
f(z):'&i"—t-l

. 22 R 22
a j‘c: O e e e ey N
~ 3(2) = @2-0E+R)

=m—§{g—

=T

Case 3 :
Consider those ¢ with nc<o , f i-fln’r(:e(a mana uf +hem are voreero,
ten zo i called an essential 873u.lar ‘Po‘u«t.

Q.j. €Z= |+Z+%}+i,.+--- fo«- ana 2eC

-3l—.—z'g+ -for any zeC*
and 2:0 is an essential sinjular 'Foin'b.

L
. ot i
R

ROMjln idea : We claim that -the lmose c\‘f ama arbrbwg small deleted V\eﬂl«bor‘kood cf 2o
undey f is a.lmost the whole ComPl& lane.

pa—

> W- ?lane



LQW\W\O. :

SV<H>OSQ that a j?uncﬂw\ :f Is mlg!:ic and  bounded in some deleted heijhborhpoel of 2o
§ w* is NoT amla-l:lc_ at z.,then z, s a removable sinjular -Foiv\'t.

P

Surrose f(?.\ mg_wcn(z-z.)“ is the lLaurent series reFresewEa:ﬁon uf j-’tz) at z,  which Conv03€5
in Some deleted r\eijhborhooc\ cf 2o

Claim : ¢ =0 for all m=1

Choose C(’ s f,»o,'ﬂr\ey\

-

- -

J )'\“ -f is amlgahc inside except. 2z,
RN (EY)
Con =T Cf (z-z.)""""‘dz \ //I 'B‘a aSuMF‘bion . l“f(z)lsH -for al = lva]vs n

S e

that  deleted V\e?jk\:ov{f\ood,
|C ol s <= - xmp MF -

= MFm—bo as (>—>o

IL\QOYE.W\ .

Suﬂ;ose_ 2o is an essential STﬁular ‘Po\v\‘E of f

VYeso ,WeC ,8$30,3 2 Wit o<lz-zl<S s+t |f(z')-N°|<£
'F\’bof-.

S\Aﬂ»se_ -the Covrfmra,

Jes0,WeC.850,Vz wth o<lz-zl<S st |f(z)-w.,|>i

|f(z)-N°| >€ VY oclz-zl<$§
> 3(z)=

j—’@l_uo s ma(a_ﬁc ¥ o<lz-zl<§ (. fo-we o and f is amla-hic VY o<lz-zl<§ )
(Note : gea s NST defined as fza s NST defined.)

Also |3(z)| = .S0 ‘oa HHre 'Fvevmws lewma , zo & a vemowable S‘msu\lar 'Fo‘w\'t uf 3(?.).
(1e. we can defme a valwe ‘j’or ﬂ(z..) such that 3 is amla-bﬁc at z,.)

Case 1: j(ze) #o,
Neote. : :f(z)-—+w., VY o<lz-2zl<§
|§ we. defne -—+w° , ~then ffz) become anala'hc at 2z .

H means 2. is a YEvnwaUe Snnjulaw -Fem-t (Contradictions 2)




Case 2. j(z°)=0,
Claim: 2. is a zero cf -ﬁv\'rfe. order m
Otherwise , ! =0 =0  which is impessible .
Fo-w P

3(z)=(z-zn)w‘§(2) where 5(2) is a.mla-(:lc at z, and g(zc) #o .
ard so f@:(z_—z':r\?z)-rw. , that means 2z, is a Fo\e uf-f of ovder m. (Contradictions 2)

Theorem (Great Picard’s Theorem)

K 2 s an essential pole of f ,then on_any deleted neighborhood of 2o,
fcz) tokes on all ‘Fossilole complex values , with at most a Singje. excelsbion.
lwftv\'r(:elg many times.

e-j- Let 'f(z)=34£ ,then 2z=0 is an essential 'sinﬁular 'FDME,.
et Z=Y‘€ie,N°='RQw¥O

“L(cos® -1isin®) 5
f(z)= er- = Wo =’Re‘d

erO ST e

{ —‘LcosB =hR.

-FSin® = o2k, keZ.

{ = [dnm‘»«(mmﬁy‘

-tay\e .-M_

n

P any deleted neiﬁl'\bovhood N of o and we#o. j'-zv.\.)nN s an 'mfivﬁ'be set.

But :f(znéo for all zecC.



